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1. Introduction 



There have been intense activities in noncommutative (NC) field theory since it was 
found to arise naturally as a specific limit of string theory But NC field theory is also 
interesting in its own right both as a theory which may be relevant to the real world and 
as a quantum structure on NC spacetime which is very distinct from the one built on the 
ordinary commutative spacetime. Concerning this, we may mention two issues among 
others, the unitarity and causality problem and the ultraviolet-infrared mixing 0. 
The new interactions and Lorentz violation introduced by noncommutativity also lead to 
novel phenomenological implications [Q, some of which are quite different from those of 
ordinary new physics beyond the standard model. 

Supposing the idea of NC spacetime is physically relevant, it would be desirable to 
consider whether it is possible to extend the standard model of the electroweak and strong 
interactions to NC spacetime. It is not completely clear at the moment how to construct 
such a realistic model due to restrictions on gauge groups from the closure of algebra , 
on possible representations that can be well defined for a product of gauge groups, 
and potential obstacles in anomaly cancellation that becomes more restrictive 0, and so 
on p[. But it is of no doubt that such a model should be perturbatively renormalizable 
so that gauge symmetry can be maintained order by order in the renormalized theory. 
Although there is no general proof on renormalizability of gauge theory on NC spacetime 
for the time being, explicit analyses are indeed available up to some order in some models. 
It has been shown that exact U{1) and U{N) |[T^ gauge theories are renormalizable 
at one loop. The renormalizability of the real (p'^ theory has even been confirmed up to 
two loops |]TT|. But theories with spontaneous symmetry breaking are more subtle. At 
first glance one might imagine that the divergence problem cannot be worse compared to 
the commutative case because of oscillating factors introduced by the star product. But 
actually renormalizability depends on delicate cancellation of seemingly different sources 
of divergences which is governed by Ward identities. It is not self-evident at all whether 
this well-weighted arrangement still persists in NC theories. This is especially true of 



spontaneously broken theories. As pointed out in Ref. ||I2[, there are already problems 
for spontaneously broken global symmetries; namely, the Goldstone theorem holds valid 
at one loop level for the NC U{N) linear a model with a properly ordered potential, 
but not for the 0{N) one (except for N = 2 which is equivalent to U{1)). An explicit 
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analysis for the spontaneously broken U{1) gauge theory has been given recently in Ref. 
|T3[| with the positive result that the divergences can be consistently subtracted at one 



loop. It is the purpose of this work to pursue further along this line by examining the 
non-Abelian case. The motivation for this should be clear from the above discussion; it 
is the non-Abelian case, especially U{2), that is closer to our goal of building up a model 
of electroweak interactions on NC spacetime. Our positive result should be encouraging 
to the efforts in this direction. 

The paper is organized as follows. In the next section we present the setup of the model 
in which we will work. In particular we do gauge-fixing and work out its corresponding 
ghost terms including counterterms. Section 3 contains the explicit result of divergences 
in one loop IPI functions. The renormalization constants are then determined in the MS 
scheme. We summarize in the last section and state the limitations of this work and 
prospects for further study. The Feynman rules are listed in Appendix A, and collected in 
Appendix B are topologically distinct Feynman diagrams for the IPI functions computed 
in section 3. 

2. The model 

2. 1 Brief introduction to NC field theory 

Throughout this paper, by n dimensional noncommutative spacetime we mean the one 
that satisfies the following canonical relation, 

[x^, Xjy] idflU) (1) 

where 6'^^, is a real, antisymmetric, n x n constant matrix. Following Weyl we can define 
a function on NC spacetime by the Fourier transform, 

f(£) = / d'k e^'^'^hkl (2) 

where the same f{k) simultaneously defines a function on the usual commutative space- 
time, 

/(^) = 777^ / e^'^^'fik). (3) 



(27r)"/2 . 

This implements what is known as the Weyl-Moyal correspondence. This relationship 
is preserved by the product of functions if we replace the usual product of functions on 
commutative spacetime by the following Moyal-^ product. 



(/1^/2)(X) 



ewC-e'^''didi]f\{x)fM 



(4) 

y=x 



Namely, using Eq. (1) it is straightforward to show that /1/2 and /i -k f2 share the same 
Fourier tranform. In this sense we may study a field theory on NC spacetime by studying 
its counterpart on commutative spacetime with the usual product of functions replaced 
by the starred one. A different formalism based on the Seiberg-Witten map is developped 



in Refs. |14]. While there are problems such as the UV-IR mixing in the former approach, 



it is also not clear how to handle with the expansion of 6 at quantum level in the latter 



1 15]. In this paper we will work in the former naive formalism. 

For convenience we list below some useful properties of the star product of functions 
which will be freely used in deriving Feynman rules. 

(/l*/2)*/3 = /l*(/2*/3), 

ifl^f2V = fUfl 



j (Tx fi-kf2 = J (Tx /a -k fi 



where the last one holds for functions which vanish fast enough at infinite spacetime. 

2.2 Classical Lagrangian 

Instead of considering the general U{N) gauge group, we restrict our explicit analysis 
to the f/(2) case. The reason is twofold. First, the U{2) group is close to the standard 
model and thus physically well motivated. Second, it is algebraically easier to handle 
while it has a rich enough structure so that we expect the same conclusion should also be 
appropriate to the general U (N) case. 

We begin with the scalar potential which triggers the spontaneous symmetry break- 
down of t/(2) to 

y = -/i2$t^$ + ^$t^$^$t^$^ /i2>0, A>0, (6) 

where $ is in the fundamental representation of U{2). We assume its vacuum expection 
value is independent of x; without loss of generality we take 



with V = y /i^/ A. The negative potential in terms of shifted fields is 

C-v = --^m^o-^ - A |'yo-(cr^ + TTg + 27r_7r+) + 7r_7r+7r_7r+ + ^((j^ + tTq) 

1 



(8) 



where mg. — vy/2Xis the mass of the physical Higgs boson. We have freely ignored terms 
which vanish upon spacetime integration using properties of the star product. We also 
suppress the explicit ★ notation from now on. 

It is convenient to formulate the gauge part by matrix. Denoting 

, ifj^ for ^=1,2,3 1 
- ? , with tr(t^t^) = -5-"^, (9) 

-I2 forA = 2 



the gauge field is 

The Yang-Mills Lagrangian is 



(10) 



jCg^-IttG^^G^^ G,, = d,G,-d,G,-ig[G,,GJ\, (11) 

where g is the coupling. In terms of physical fields A, Z and as to be clear later on, 
we have 

>Cg = >C2G + 'CsG + £40, (12) 



where 



1 . - ' \2 ^ /a nr o V ^2 



C2G = —id^A,-d,A^Y--id^Z,-d,Z^) 

f 4 (13) 



+ 



-j=A^ {w+d^W-" + d'^W+W- - d^W+W-" - W+d'^W-) 



(14) 



+_| {d^A^{w;w; - w:w-) + d>^z^{w-w: - w-w; 

+|- {[A", A'']W+W- + Ai^A^W+W- - A'^A^W+^'W-) (15) 

+— ([Z^, Z'']W-W+ + Z''Z''W-W+ - z^z^w-^'w^) 



+ 



^-A^ (2W:^Z,W-^ - WtZ^W- - W+Z'^W-) 
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The covariant kinetic Lagrangian for the scalar is 
In terms of physical fields it can be cast in the form, 

= + mass + ^.^Q + Lq^^ + £gG<;!> + C.gG4>4>i 



where 



>Cg mass = ^mlZ^Z'^ + m^iy+iy-^ 

JC-gcPcp = +-^A''(9^7r+7r_ - 7r+9^7r_) 

+ — ^Z'' ((a^acj - adi^a) + (a^TToTTo - TToa^TTo)) 
zy z 

zv 2 

+^W^+(a'*(T7r_ - (T^'^TT.) + ^-^W-{d>'7i+a - Tr+df'a) 

2 

>Cgg0 = +|-|(A^(7r+W7 + W;+7r_) + Z^(H/,7r+ + 7r_W^; 

Cggh = +^7r+7r_(^^^'^ + iy+W^-'^) 

+ ^ {a' + TTo^ + i[7ro, a\) {z,Z^ + W-W+^) 
f 



+^^0 {{n.A'^W;^ - W-A^7r+) + {t^-W^Z^ - Z^W^n^ 

and mw — gv/2 and mz = gv/ \/2 are and Z masses respectively. 
The action defined by the classical Lagrangian 

-^class = ^G + + ^-V 

is invariant under the generalized, starred U{2) transformation, 

^ G'^ = U^G^^U-' + tg-'U^d^U-\ 



where U — exp{igr]{x))i, and we have restored the exphcit star notation for clearness. 
2.3 Gauge fixing and ghost terms 

To make the theory well-defined and to quantize it, we should do gauge fixing and 
include its corresponding ghost terms. Since the quadratic terms in the action remain the 
same on NC spacetime, it is easy to expect how to generalize the gauge fixing procedure; 
namely wc replace the usual product by the starred one (again suppressing the notation 
from now on), 

^g.f. = -^Tr(//), ^26) 
/ = d^^G^ + zgC{(l)H^(l>o-4t^4>)t^- 
To construct the ghost terms we first generalize the BRS transformation to NC spacetime, 

6Gu, = €{du,c + ig[c,G 
S(f) = eigc^, Scj)'^ = -eig^^c, (27) 
Sc — eigcc, 

where e is an infinitesimal Grassmann constant and c is the ghost field. We have 

£ghost = -2IV(cs/), (28) 
where esf is the BRS transformation of the gauge fixing function / and thus, 

s/ = d^id^c + tg[c, G^]) + g'^i^^cf'cPo + 4t-'c$)t^. (29) 

Noting that s^f = 0, the BRS invariance of the sum £g.f. + £ghost is then guaranteed by 
requiring 

5c^~ef. (30) 
We parametrize the ghost fields as follows. 

Then, the explicit forms of >Cg.f. and >Cghost are, 

_1 . .0 .oX 1 

2 
1 



"2 ^^2^0 - C^wTT+TT- (32) 

-mzTTod^Z^ - imw{T^-d^W^ - tt+^'^W"), 

■^ghost — -^cc ~l~ -^(/icc ~l~ ^Gcc-i 

t^cc = -CA9^CA-cz(9^ + ^m|)cz-c_(a^ + ^m^)c+-c+((9^ + ^m^)c_, (33) 



{\/2t:_ca + (ct - i7ro)c_) (34) 
-^C/^cz (\/2(7r_c+ + c_7r+) + {a, cz] + i[cz, ttq] 



>Cgcc- = --^c^a'^([c^,^^] + (c+iy--iy;c_ 



-^c_d^ {caW^ - A,c+ + c+Z^ - W^cz 



(35) 



-^c+a'^ (c_^^ - W-CA + czW- - Z,c_) . 

Note that the mixing terms in Cgs, are cancelled by >C<^g. The complete Feynman 
rules are collected in Appendix A. 

2.4 Renormalization constants and counterterms 

To go beyond the lowest order we introduce the following renormahzation constants 
for bare quantities, 

{G,)b = Z'fG,, (0)b = Zf<j>, 



{g)B - Z^^^'^ZgQ, {\)b - Z^'^ZxX, ^3g-j 



Note that the redundant renormalization constant 5v will be determined by the additional 
requirement that the a tadpole be cancelled at one loop. Wc have chosen the same 
renormalization constant for all members of a multiplet. As to be shown below this will 
be sufficent for removing divergences. 

The counterterms introduced by the above substitutions are standard for the linear 
and quadratic terms since no difference arises as compared to the commutative case. 
These are listed explicitly in Appendeix A together with the rules to obtain counterterms 
for vertices in >Cciass- We focus below on deriving counterterms in the gauge fixing sector. 

Since the gauge fixing function can be chosen at will, we choose it to be given in terms 
of renormalized quantities, 

(Ob = (/)b = / = d'^G, + ^ {cl>H% - ^UU) t^ (37) 

where 0o = (0 !)• We require that (D^$)b = Z}p'^{dfj, — igZgG^)^^ be covariant under 
the infinitesimal gauge transformation for renormalized fields, 

5G^ = yd^ri + zig[rj,Gf,], 
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This determines the constants x — z — Zgy. Now consider the BRS transformation for 
renormahzed fields, 

SG^^ = e{ydf,c + zig [c, G/,] ) , 
5(j) = exigc^, dcj)^ = —exig^'^c, (39) 
5c — euigcc. 

We find, 

sf = d^^iyd^c + ztg[c, G^]) + xg'v^/V2{<!>^ct^4>o + 0St^c<l>)t^. (40) 

Note that $ now contains v in the form of v + Sv. We hope to keep Eq. (30) intact 
so that (c)b = c. The invariance of the sum >Cg.f. + >Cghost under BRS transformations 
for renormahzed fields is again guaranteed by the nilpotency s^f — 0. This then implies 
X — z — u. Now we introduce the field renormalization constant for ghosts, 

(c)b = Z,c. (41) 

Since the first term in sf gives the ghost kinetic terms, it is natural to identify y = Z^. 
This fixes all constants in sf, 

sf = Z,d^{d^c + igZg[c,G^]) 

+Z,Zg{l + 5v/v)g\^i/2{^lct^^^ + 0jt^c0o)^^ (42) 
+ZeZ,52^e/V2(0^ct^0o + 0St^c0)t^. 

The counterterms for self-energies and the rules for vertices in the gauge fixing sector are 
also included in Appendix A. 

3. One loop divergences and renormalization constants 

In this section we present our results of one loop divergences in IPI Green's functions. 
Although we have exhausted all possibihties for each type of functions discussed below, 
it is not possible and also unnecessary to hst all of them. Actually, a glance at the 
counterterms shows that all functions in the same type must have the same or similar 
divergent structure if divergences can be removed altogether with the renormalization 
constants introduced above. Instead, we demonstrate our results by typical examples. 
Since we are interested in the ultraviolet (UV) divergences, only diagrams which are 
apparently divergent by power counting are computed below. The complete Feynman 
diagrams are shown in Appendix B. We thus will not touch upon the UV-IR mixing 
problem for exceptional momenta such as 6fjti,p^ — 0, etc. We work in the ^ = 1 gauge 
throughout for simphcity. Then the would-be Goldstone bosons and ghosts have the same 
masses as their corresponding gauge bosons. 
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3.1 Tadpole 

The Feynman diagrams are shown in Fig. 1. The result is 



iT 



+Xv / 3DZ + D 



2D 



w 



n 



where 



I-I 



q V 



(43) 



p 



(27r)"' p^-m] + te' ^^^^ 

We work in n = 4 — 2e dimensions to regularize the UV divergences. Note that there is no 
6 dependence in iT since we need at least two independent momenta for this. We obtain 
the divergent part as follows, 



iT = iA, 



A. 



1 1 



(47r)2 e' 



(45) 



(7, TTo, 7r+ 



a 



w+,z 




C±,Cz 



Figure 1. a tadpole 



3.2 (j)(j) self-energies and mixings 

We have divergent aa, ttotto, 7r+7r_ self-energies and the finite cttto mixing. We compute 
the first and the last ones as examples. The Feynman diagrams for aa are shown in Fig. 
2. The result is 



+XW 



^kAp 



k+p + '^Dk^k+p) + 



jik + 2pf [sl^,DiDl^^ + cl^,DlDl^^ 

n 



-^4 2 



'^(^Ap^k^k+p + 



k+p 



'^^kAp'^k ^k+p ^ ^k ^k+p 



+ X 



.2 ^ 



n 



where s^^^ 



+ 2« 

sin'" (A; A p) 



w 



(46) 



„m 
1 ^kAp 



cos"^{k A p) and k A p = O^^k^p" /2. Using s 



kAp 



- C2fcAp)/2 and c; 



kAp 



+ C2fcAp)/2 to separate the planar from the nonplanar part, 
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and noting that the latter is finite due to the oscillating factor, we can isolate the UV 
divergences and obtain, 



21 



4„,2 



(47) 



A similar calculation gives. 



Q 

-2g p +6X V + Xg V + -g v 

8 



(48) 



cr, TTo, 7r+ 

rr ^^^^^ n 
cr_ y _<y_ 

P \ y 

a, TTo, 7r+ 



cr, 7ro,7r+ 

/ ^ 
I ) 




Z,W+ 



\ / 




cz,c± 



cz,c± 



\ 



/ 




Figure 2. a self-energy 



Now we come to the avro mixing shown in Fig. 3. All of the neutral particle loops are 
found to be proportional to S2kAp and thus finite. The W^tt+ loop cancels exactly the 
W~TT_ loop due to the sign fiip in the a couplings although they are separately divergent 
after cancellation of oscillating factors from the two vertices. The same happens for the 
c± loops due to the sign fiip in the ttq vertices. Thus we finally have a finite crvTo mixing. 




cz,c± 



Figure 3. crvro mixing 
3.3 GG self-energies and mixings 

We have divergent AA, ZZ and W~^W~ self-energies and a finite AZ mixing. For the 
divergent one we take as an example the A self-energy whose diagrams are shown in Fig. 
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4. We find, 



P. 



^k ^k+p 



(49) 



-g'g,. / + g\l - n)g,, / [2si^,Dt + 
19 

= i^e-^g'^{p^gt,v-Pt,Pv), 

where P^^, = Paf3p.{k-, -k-p,p)P"'^^{-k, k+p, -p) with Pap^{ki, k2, k^) given in Appendix 
A. Identical results are obtained for the other two self-energies, especially there are no 
divergences proportional to m^^. 



W\j \VV\j 

p \ ; 
^ _ ^ 

7r+ 



^AAAAAAAAA/ 





ca,c± 
wvl iVW 



Figure 4. A self-energy 



The Feynman diagrams for the AZ mixing are shown in Fig. 5. Each diagram is finite 
due to an oscillating factor exp{i2k Ap). This occurs because the A and Z couplings to 
the same charged particles have opposite phases which become the same when the charges 
are reversed in one of the couplings. 



:'WV 



w+ 






3.4 G(f) mixings 

We have divergent Zttq and W^tc^ mixings while Aa, Atcq and Za must be finite. 
The diagrams for W^+tt- are shown in Fig. 6 where p denotes the incoming momentum 
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of We obtain, 



W+TT- 



-gvX J {2k + p), DID 



w 

k+p 



-lg\ l{k + 2p). 



^k+p ^ ^k+p 



n] 



i^k + p). 



^k ^k+p ^k ^k+p 



+-9'v I {k + p), D^Dt^^ + DlD 



4^ -7 V- . 
i/\^{-g^mw)Pi,- 



k+p 



(50) 



q 

W+ k ^ Tl_ 

w\j 

_ ^ 
7r+ 





Figure 6. W~^7C_ mixing 



It is interesting to see how the Za mixing shown in Fig. 7 becomes finite. The situation 
is similar to the case of the cttto mixing. All neutral particle loops are proportional to 
S2kAp and thus finite. The W^7t± loops exactly cancel themselves because of a sign flip in 
their couplings to a. The same is true for the c± loops but this time the flip occurs in the 
Z couphngs. Finally, the W"^ loop is flnite since it is simply proportional to {2k + p)ij,- 




Figure 7. Za mixing 



3.5 cc self-energies and mixings 

The cc self-energies are the easiest to compute. We have divergent combinations caCa, 
czcz and c±c^, and the flnite ones, caCz and czCa- The result for the c+c_ self-energy 
shown in Fig. 8 is, 

1 



4 2 

9 V 



D'^ 

^k+p 



+\g' lk.p[DY{D 



^k+p 



A 

k+p 



^k+p 



D'k 



^k+p 



iA, 



2 2^ 
-9 P J 



(51) 



Note that there is no divergence corresponding to the mass term. The caCz mixing shown 
in Fig. 9 is flnite since each diagram contains an oscillating factor exp(±i2A; A p). 
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(j,_7ro 



..P...I -Jc_ 1 

C+ C+ C 



A,Z:W- 



C+]Ca,Cz 

Figure 8. c+c_ self-energy 



7r± 



...P..I -J:. 1 

ca c± Cz 




Figure 9. caCz mixing 



3.6 (f)(j)(f) vertices 

Now we start our computation of vertices with the trihnear scalar couplings. We have 
aaa, ctttotto and cr7r+7r_ vertices which may be divergent, and aa'UQ, vroTTovro and ttott+tt. 
vertices which must be finite. We illustrate the computation with the last one of each 
type whose diagrams are shown in Figs. 10 and 11 respectively. The arrow inside the 
loop indicates the charge flow, p and p± are the incoming momenta of a or ttq, and tt±. 

Let us first consider the cttt+tt. vertex. Fig. (a) contains the phase factor of exp(±z2pA 
k) and is thus finite. The same is true for Figs, (c) and {g) which have a phase of 
exp(i2p A k) respectively. The other diagrams are divergent. For the a loop in Fig. (6), 
we have 

~\g\ J 0,{k + 2p^) ■ {k - 2p_)D^Dl^^^D^,_^_. 



Using 



-- CpA{fc+p+)exp(zA; Ap) 
= 1/2 exp(ip+ A p_) + ■ • • 

to isolate the non-A; oscillating part, we obtain the divergence, 

3 

(&)<7 = --A5f\exp(zp+ Ap_)iA,. 
The other two are similarly computed with the sum. 



(52) 
(53) 



3 
1 



1 
4 



1 



A(7^f exp(i]9+ Aj9_)iAe. 



(54) 



(55) 



The same trick applies to Fig. (rf). Here the charge conjugated loops contribute the same 
Using obvious notations, we have 

1 



(d) 



1 
16 



1 
16 



g vexp{ip^ Ap^)iA^ 



(56) 
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Figs, (e), (/) and (h) are easier to compute with the result, 

(e) = +(3 + 1 + 4)A^t;exp(ip+ Ap_)iA„ 

(/) = +2 ■ 2X^v exp{ip+ A p-)iA^, 

(h) = +2- {1/2 + l/2)g\exp{ip+ A p-)i A,. 



(57) 



The divergence in the an+ix- vertex is then 

iV'^'^+'^- {p,p+,p^) = exp(ip+ A p_ 



(58) 




I 

J. 



7r+ \ ^ , 7r+ 



I 
I 

A 

a, ttq;/ NO", ttq; 



I W-;A I 



'7T± 



a 



I 

J. 



7^ 



(/) 




w+ 



7r_ TTi 7r_ 



I vr± w+? ?w+ 



Figure 10. an^n^ vertex 





^ 



71"0 



(7/ \Vro 
/ \ 



Z; ^ N(T, TTo; 

w±r^ \7r± 




^7r_ TTo 



Figure 11. ttott+tt- vertex 
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Let us compare the contributions to the ttoTT+tt- vertex shown in Fig. 11 with the above 
one. First, the analogs of Figs. 10(c) and (g) are missing due to lack of the 7roW~^W~ 
vertex. Second, (a) is similarly finite, (e) is also finite because of the factor S2feAp- 

Third, 

the others always come in a charge conjugated pair whose divergences cancel each other. 
We take (b) as an example. The product of the two vertices in the loop is 

^'-g\k + 2p+)-(k-2p_), (59) 

while remaining factors are essentially the same for the consideration of divergence so 
that the divergences are cancelled between the loops. 
3. 7 G(f)(f) vertices 

We have vertices Att+tt^, Zaa, Zawo, ZttoTTq, W^tt^u and W^t:^t:q which may be 
divergent, and vertices Aaa, AaiTo, AttoTTq and Ztt+tt- which must be finite. For illus- 
tration we compute the first one of each type whose diagrams are given in Figs. 12 and 
13. 

Fig. 12(a) has a phase exp(i2A; A p) and is finite, [d) is also finite: while the A loop 
involves S2kAp, the W loop is proportional to {k + 2p)^ and thus vanishes. For similar 
reasons (c) is finite too. So we only need to calculate (6) and (e). For example, 

W.- = -^g'IOkP,ik)D^Dt+,^Dtp_: 

Ok = sin(p+ A p_ + p A A;) cxp(ip A /c) 

— i/2 exp(— A p_) + ■ ■ ■ , 

P,.{k) = P^ap{p,k+p+,p^-k){k-p+Y{k+p_f 

= 2[k^{p+-pJ)^-k^k-{p+-pJ)\ + ---, 



(60) 



where we have ignored terms which will be finite. The divergence is 

3 

(6)^_ = iA,^c/3exp(-ip+ Ap_)(p+ -p_)^. (61) 



(6) - >A.ji=/ 



1 1 

1 + 2 + 2 



Together with ttq and a loops, we have 

1 1 1 

exp(-ip+ Ap_)(p+ -p_)^. (62) 
Fig. (e) comes in conjugated pairs and is simpler to compute. For example, 

(e)._ = +^g' IOk{k + 2p_)^DtD 



w 

k+p- 



^ 3 

+iA,^-^g^ exp{-ip+ Ap_)p_^, 



(63) 
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(64) 



where 

Ok = CpAk exp{ip Ak - ip+ ApJ) 
= 1/2 exp(— A p_) + • ■ • . 

The conjugated 7r+ loop is then obtained by p-^^ ^P+fi- Including the other two pairs 
of loops, we have 



4^2 



9 



1 1' 
1+2 + 2 



exp(— ip+ Ap_)(p+ — J5^) 



(65) 



which cancels Fig. (6) exactly so that the one loop contribution to the A^-k^-k^ vertex is 
finite. 




(d) 

Figure 12. A^ti^ti^ vertex 
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In contrast, the one loop contribution to the A^^aa vertex is finite because each indi- 
vidual diagram involves the same oscillatory phase exp{i2k A p). 
3. 8 GG(j) vertices 

We have possibly divergent vertices of W^Anzp, W^Z-Kzp, ZZa and W~^W~a while 
the vertices AAa, AAtiq, ZZhq, AZcr, AZn^ and W^W'hq must be finite. We show our 
calculation by the last one of each type. 




(e) (/) (g) (h) 

Figure 14: W^^W'a vertex 




(e) (/) (h) 

Figure 15: W^W~tiq vertex 

The one loop diagrams for the W^W~a vertex are shown in Fig. 14. Now it should 
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be relatively easy to compute Fig. (a) , so we write down its divergence directly, 



(a) = iA^Xg^vgi^^exp{ip+ Ap_) 



3 1 

-+-+0+0 

4 4 



(66) 



The loops in (6) are made finite by the phase exp(i2pAA;) while the divergences in the 
Zair^ loops are cancelled by those of the ZttqIT^ loops due to a sign flip in the relevant 
part of products of the vertices. The aW~ loop of (c) is, 



where 



Ok = 



/if 



sin(p A (p_ — k)) exp{ik Ap) 

i/2exp(ip+ A p_) H , 

{p-p- + kfP(if,^{-k-p+,p+,k) 
( k g^y + k^ku) + • • • . 



(67) 



(68) 



(69) 



The remaining tt± loops are similarly computed. Including charge conjugated loops, we 
obtain, 

(c) = +iAeg%gi^uexp{ip+ Ap^) 2 
Fig. (d) is shghtly more comphcated. We take the ZZW~ loop as an example. 



3 3 
32 + 0+32 



(<*) 



zzw- 



+- 



+iA,-(/%gr^^exp(ip+ Ap_) + 



(70) 



where 

Ok — cos{p+ A p- + p A k) exp{ik A p) 

= l/2exp(ip+Ap_) + ---, 

P^.^^ = P^/{-k-p+,p+,k)P''^,{k-p.,-k,p^) 

= (2P^^, + 10/c^A;,) + • • • . 

Including the other two contributions, we have 

9 n 9 



(71) 



(72) 



(d) = +iAggrSg'^^exp(ip+ Ap_) 

The calculation of Fig. (e) is similar to (a), and Figs. (/) — {h) are the easiest of all, with 
the results, 

(e) = -iAeg^vgu,„exp{ip+ Ap-) 2- 
if) = -iA,Xghgf,^exp{ip+ Ap. 

(g) = -iA,g^vgi^^ exp(ip+ A p_) 

(h) = -iAgg'Sg'^^exp(ip+ Ap_) 2 



1 1 

— + + — 
.32 32 
3 1 
- + - + 
^4 

3 3 

4 + 4. 
1 1 
:t + + - 



(73) 
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In total, 

iV^^^~''{p+,P-,p) = +i^e^9^vg^^exp{ip+ Ap_). (74) 
For the one loop W^^W'ttq vertex shown in Fig. (15) we briefly indicate how a finite 
result is achived. The following diagrams are separately finite due to an oscillatory factor 
exp{i2p A k) or S2pAk- loops in (6), ZW^ti± in (c), czc±c± in (e), Zvr^ in {h) and Fig. 
(/). The others cancel their divergences between conjugated diagrams. 
3.9 GGG vertices 

This is the most complicated part of the calculation performed in this section because 
of the involvement of GGG and GGGG types of vertices. The one loop contributions to 
the vertices AAA, ZZZ, AW~^W~ and ZW^W~ are generally divergent while those of 
AZZ and AAZ must be finite. Again we present our calculation using the first one of 
each type as examples. 

Pl^o. 

71"+/'' ~'\7r+ A,W+V" ^A,W+ Ca,C±/ \Ca,C± 



/ 



Pi 

[a) (b) (c) 



aSt, ^+ ^Sa < ^'^"^ < < ca,c± 



{d) 




Figure 16. A^AnA^ vertex 



Note that except for the A loop in Fig. 16(6) there is an additional permutated 
contribution for each case in (a) — (c) and there are two additional ones for {d) — (e). We 
first note that {d) vanishes identically. This is because the only difference from the analog 
in ordinary scalar QED is the appearance of the factor Cp^Aps- For Fig. (a) we have, 



,3 



= -^exp{ip,Ap,)jD^DZ^^D 



X {2k +P2- P3)a{2k + P2)/3{2k - ^3)7 (75) 

6V2' 
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-iA,^^^exp{ips Ap2)Pal3'yiPuP2,P3) + 



Summing with the permutated one gives 
(a) = {aY'^ + iaY'' 



(76) 

-A,^^sin(p2 Ap3)P«^^(pi,p2,P3) H ■ 



The A loop in (b) is 



{b)A = -^2V2g' I OuPi,,DiDt^^^Dt,, 

l?>g^ (77) 

= Sin(pi Ap2)-Pa/37(Pl'P2,P3) H , 



where 



(78) 



Ok = sin(pi A (A; + P2)) sin(p2 A k) sin(A; A ps) 
= 1/4 sin(pi AP2) H , 

-Pa/37 ^ Pa^{Pl,k+P2,P3-k)Pf3ap{p2,k,-k-p2) 

xP^''r{P3,-k,k -P3). 

The PF"*" loop is similarly computed. Including its permutation, we have the divergence 



{b)w = m'+ib)]^' 

13g^ 

= [exp(ip3 AP2) - exp(ip2 Apa)] Pa/37 (Pi'P2,P3) (^79) 

= -^eJ^Sm{p2Ap3)Pa/3^{PuP2:P3)- 

Fig. (c) is essentially similar to (a) but we must be careful with the tensor Pa/37 (Pi;P2, Pa)- 
Using its properties given in Appendix A, we have 

{c)a = {c)T + {c)T 
9^ 

= -Ae— /|Sm(p2 A Pa) [P7a/3(Pl,P2,P3) " Ppaj{Pl, PS, P2)] ^gQ-j 



= +Aej|-^sin(p2 Ap3)P„^^(pi,P2,P3). 
The separate contribution of c± does not have the same structure as the counterterm, 

- T^^^^ [e^'"^^^^i^7a/3(Pl,P2,P3) + e±*^^^^^P^a^(pi,P3,P2^^ ^^^^ 



but their sum has, 



(c) = (c)+ + (c). 



0"^ (82) 
= +K:^^^sm{p2Ap3)Papj{pi,P2,P3)- 

Now we compute the A loop in Fig. (e), 

(e)\ = -iV2g^ j T^p,{k,p,)DtDt^^^, (83) 
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where 

Sp2AkSp^A{k+p-i) 
+ {9tJ.u9M — 9fil39u'y)SkAp3 

Isolating the non-A; oscillatory part as follows, 

^piAk^P2Ap3^piAk ~l~l/2 Sp2/\p^ -|- ■ ■ • , 

SpiAkSp2AkSp^A{k+pi) = 1/4 SpgApi "I" ' ' ' ; (85) 
SpiAk^kAp3Sp2A{k+pi) '^PiAp2 ~l~ ' ' ' ; 

and doing loop integration by using the explicit form of P^'^'^ , we arrive at 

9 

(e)^ = +^e^^9^sm{p2Ap3){pi^9af3-Pii39-fa) + ---- (86) 

Including all permutations, we recover the correct structure, 

ie)A = ie)\ + ie)l + ie)\ 

9 (87) 

= +Ae^^^^sin(p2 Ap3)Pa/37(Pl,P2,P3) + •••• 

The loop is simpler and turns out to have the same divergence as the A loop. In 
summary, the divergence in the vertex is, 

7 

iVX^^P^^P^^P^) = +^e^9^Sm{p2Ap3)Pa(3^{Pl,P2,P3)- (88) 




For the Afj,ZaZfs vertex shown in Fig. 17 we just comment that there are no analogs 
of Figs. 16(a) and {d) and that the remaining diagrams are made finite by the phase 
exp(i2A; A pi). 

3.10 (f)cc vertices 

We have the following list of possibly divergent vertices aczcz, o"c±c^, tcqCzCz, 7roc±c=f:, 
n±Cz^cz and n±CACzp, and the following one which must be finite, acACA, (JCaCz, ctczCa, 
tiqCaCa, t^oCaCz, t^qCzCa, ■n±C:^CA and ■k±czc^. 
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Let us take a sample calculation of the oczCz vertex shown in Fig. 18. The a loop is 



-iA^-g'^v cos(g A g) + 



where we have used 



Ok = sm{p A {q + k)) sm{q A k) cos{q A k) 
= -1/4 cos(g A g) H . 

The TTo loop contributes the same, and the sum of the 7r± loops is 

1 



(7r+) + (7r_) = 
The total divergence is then, 



iA^-g V [exp(ig A g) + exp{iq A g)] + ■ ■ 
8 



iV'^^^'^^{p,q,q) = —iA^-g^vcos{q A q). 



(89) 



(90) 



(91) 



(92) 




cz 



cz;c± j_ 
q qcz 




Cz 



g gi 



Figure 18. aczcz vertex 



Figure 19. 7r+ c^c_ vertex 



As for the finite vertices, there are no apparently divergent diagrams at all for the 
vertices acACA, ctczCa, hqCaCa, t^qCzCa and n-^CzpCA- Fig. (19) is an example of the 
remaining ones which however is finite due to the appearance of the phase exp(i2g A k). 

3.11 Gcc vertices 

This is the last group of vertices computed in this section. We have generally divergent 
vertices AcaCa, Ac±c^, ZczCz, Zc±c^, W^c^ca, W^c^cz, W^cac^ and W^czc^^ and 
finite ones AczCz, AcaCz, AczCa, ZcaCa, ZcaCz and ZczCa- We illustrate our calculation 
by the examples shown in Figs. 20 and 21. 

The ca loop in Fig. 20(a) is 



-i^e-^g^ exp{iq A q)q^ + 



(93) 
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where we have used the following 

' A k) exp(ig A k) exp{ip A {k — q)) 

< ovTnf rin A n\ J- . . . 

(94) 



Ok = sm{q A k) exp{iq A k) exp{ip A {k — q)) 

= —i/2 exp{iq Aq) + ■ ■ ■ , 

P>. = Pa^f3ik + q,p,q-k)q''k^ 

= - k ■ qkf,) H , 



to single out the divergence. The A exchange in the c_ loop is finite while the Z exchange 
contributes the same as the ca loop. Fig. (6) is simpler, so we write down the result 
directly, 

(6) = -^A,^^3exp(^gAg)g^(0 + l + l). (95) 

The final result is, 

^V^^^'-'^(p,g,g) = -^A,^g^exp{^qAq)q^. (96) 

One sentence suffices for the vertex shown in Fig. 21: all loops are driven finite by a 
phase of exp(±i2/c A p) or exp(±z2g A k). 




Figure 20. W'^c^ca vertex 




iP) 

Figure 21. A^czCa vertex 



3.12 Renormalization constants 

We have finished computing divergences in one loop IPI functions in previous subsec- 
tions. Using the counterterms described in Appendix A, we determine the renormalization 
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constants in the MS scheme as follows, 




5Zg 



5Z, 



A, [6A^ - 2\g' + \g^^ , 
-A, [a/ + 1/1 . 



(97) 



These will be sufficient to remove all of UV divergences in Green's functions at one loop 
level. For example, the simple mass relation m| = 2m^ is preserved by the divergent 
parts of their respective counterterms which provides a reassuring check of the consistency 
of the model at one loop level. 



A potential obstacle in attemps to construct consistent models of gauge interactions 
on NC spacetime is whether the renormalizability property can be still maintained or the 
concept of renormalization itself has to be modified. While there is no general proof of 
this so far, we can still get some feeling and confidence from explicit analyses. It has been 
checked that the exact U{1) and U{N) gauge theories and the spontaneously broken f/(l) 
gauge theory can be consistently renormalizcd at one loop order. In this work we tried 
to fill the gap by including the spontaneously broken U {N) case. We emphasize that this 
latter case is distinct from the former ones. Since the gauge symmetry is partly broken 
we simultaneously have massive and massless gauge bosons which also makes the model 
closer to the standard model of electroweak interactions. The interactions and masses of 
these particels are simply related because they are in the same multiplet before symmetry 
breaking occurs. It is not clear from previous studies whether these relations can still 
be accommodated at the quantum level on NC spacetime. This is a nontrivial problem, 
considering the difficulties already met with spontaneous breaking of global symmetries. 
Our explicit analysis shows however that this is indeed possible; just as wc see in the 
usual gauge theories, with the same limited number of renormalization constants we can 
remove the UV divergences for both exact and spontaneously broken non-Abelian gauge 
theories on NC spacetime however comphcated the latter case could be. This positive 
result supports the points of view that it is worthwhile to pursue further in this direction. 

Although our explicit analysis is confined to the U{2) case for both physical and 
technical reasons, it seems reasonable to expect that our affirmative result also applies to 



4. Summary 
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the general case since the most important feature has aheady appeared in the U (2) case 
as discussed above, namely, the relations in interactions and masses among massless and 
massive gauge bosons as dictated by the group structure. 

We have not discussed in this work the four point IPI functions due to technical rea- 
sons. A glimpse at Feynman rules makes it clear that the model considered here is already 
much more complicated than the complete standard model of electroweak interactions. 
This happens in two related ways; we have more types (almost all imaginable types) of 
interactions and the interactions themselves become complicated due to the involvement 
of momentum- dependent phase factors. It is amazing to see in the previous section how 
different sectors of the model conspire to bring about a consistent result of UV divergences 
so that the above complications would not spoil the renormalizability of the model. It 
would not be surprising that the same magic also occurs in four point functions since they 
are in a sense related to the lower ones by the group structure and the same noncommu- 
tative relations. We also have not included fermions. We should expect no problems with 
vector-like fermions, but it will be rather delicate if chiral fermions are involved due to 
the danger of anomalies. All this deserves a separate work to which we hope to return 
soon. 

Acknowledgements I am grateful to H. Grosse and K. Sibold for many helpful discus- 
sions and also to K. Sibold for carefully reading the manuscript. 



26 



Appendix A Feynman rules 



We list below the complete Feynman rules for the model. All momenta are incoming 
and shown in the parentheses of the corresponding particles. 
Propagators (momentum p): 



A, 



A. 



"X/X/X/X/X/X/X/Xy 



a 



TT 



+ 



ca 
cz 





Gcfxf) vertices: 



71"0 



7r_ 



Ca 



Cz 



9^lu 
■i 



(1-0 



p2 



9,u - (1 - 



P^iPv 



—I 



m 



w 



p2 _ 

i 

p2 _ 



pz 



pz 



p2 _ ^rn^ 



p2 _ ^rn| 



p2 — 



A^,'r^+{p+)'^-{P-) 
Z^(t{pi)(t{p2) 
Z^,no{pi)7ro{p2) 
Zf,a{p)no{po) 

W^(^{p)7r^{p^) 
W^'^o{po)7i^{p^) 



p-)f,exp{-ip+ A p. 
P2)^,sm{pi Ap2) 
P2)^,sm{pi Ap2) 



9 ( 

f 

^{p~Po)fiCOs{pApo) 

Ag . , , . , 
iyb-PTJ^explT^P Ap^J 

- Po)Mexp(T^Po A p^) 
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GG(t) vertices: 



ig'^v 



9nu exp(^ip± A p) 
^^^exp(ip+ Ap_) 



W^{p+)W-{p^)a 

Z^{pi)Z^{p2)(T = ig vg 1^1, cos{pi A P2) 



GGcfxf) vertices: 



A^{ki)A,{k2)Ti+{p+)'K^{P-) 

Z^{ki)Z^{k2)a{pi)a{p2) 
Zij.{ki)Z^{k2)'Ko{pi)7ro{p2) 
Zi^{ki)Z^{k2)a{p)'Ko{po) 

W+{k+)W-{k^)n+{p+)n.{p.) 
W+{k+)W-{k.)a{p,)a{p2) 
W;t{k+)W-{k^)no{pi)no{p2) 
W;{k+)W-{k.)a{p)7ro{po) 
W^{k±)A,{k)a{p)7T^{p^) 

W^ik^)Z,ik)aip)7r^ip^) 
W^k±)A,ik)7ro{p)7r^ip^) 
W^{k±)Z,{k)7ro{p)7r^{p^) 

GGG vertices: 

Aaiki)Ai3{k2)A^{k3) = 

{k,)Z^{k2)Z^{k3) = 

A,{k)W^{k^)W^-{k_) = 



ig^gtMu cos(A;i A k2) cxp(-ip+ A p_) 
ig^gtMu cos(A;i A /C2) cos(pi A ps) 
ig'^Qnu cos(/ci A /ca) cos(pi A pa) 
-ig'^Qixv cos{ki A k2) sin(p A po) 



c/^j, exp(-i/c+ A k-) exp(-ip+ Ap_) 



— 5f^,, exp(iA;+ A kJ) cos(pi AP2) 
= -l-fl'/ui^ exp(iA;+ A cos(pi A P2) 



2y/2 



gf,i, exp{ik+ A sin(p A po) 
gf,^ ex.p{±ik± A k) exp(±ipq= A p) 
g^y exp(=Fi/c± A k) exp(±ip,p A p) 



2v/2 



g^y exp(±iA;± A /c) exp(±ipqr A p) 



2y/2 



g^y exp(^iA;± A k) exp(±ipzF A p) 



Z,{k)W^{k+)W^{k_) 



-\/2gsin{ki A k2)Papy{ki, /c2, /cs) 
-\/25(sin(/ci A k2)Papy{ki, k2, /cs) 

--^ exp(-i/i;+ A k-)Pf,ai3{k, k+, kJ) 
exp(+iA;+ A k-)P^ap{k, k+, k-) 



where 



Papjih, h, h) = (^1 - h)jgaf3 + {h - h)agi3'y + (h " ki)pg^a- 
Some simple properties of it are useful: 

Pap-i{kli k2, fcs) = —Pa^p{ki, fcs, /C2) = — -P/3a7(^2, ki, k^) = — -Ry/^al^S, ^2, ki) , 
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GGGG vertices: 

A^{h)Ap{k2)A^{h)A,{k^) = Z^{h)Zf,{k2)Z^{ks)Z,{h) 
= -i'^g^{{g,^agup - 9p.ii9va) sin(A;i A k-^ sin(/c3 A k^ 
+ {gp.m^<x - QixyQafi) sin(A;3 A /ci) sin(A;2 A 
+ {9p.vga.fi - gnagufi) sm{ki A ki) sm{k2 A ka)} 

W-ik,)W^ik2)W;iks)W+ik,) 

= ig^i'^gfj.ugap - g^iag^p - gnngva) cos{ki a /ca + /ca a /C4) 

W:{k+)Wp{k^)A^{k^)AM 

■ 2 

= -Y{i~'^9u.vgaP + S'/xafl''^/? + guipgva) COs{ki A /Ca) 

+ {gni3gua - gnagup)'^^ sin(A;i A /ca)} exp(-i/c+ A 

= -Y{(~'^9ixvgal3 + gixagvp + COs(A;i A k2) 

+ (s'^aS'^'/? - gnpgva)^i sm{ki A A;2)} exp(i/c+ A A;_) 

W^{k+)W^{k.)Z^{ki)A,{k2) 

■ 2 

= —{2gf,ugai3 - gt^ag^is - gupgua) exp{ik+ A /C2) exp(i/c_ A ki) 
4>4>4> vertices: 

aa{pi)a{p2) = -i6Af cos(pi A P2) 
0-710 (7>i) 710(^2) = -i2At'C0s(pi AP2) 
(77r+(p+)7r_(p_) = — i2Ai' exp(ip+ Ap_) 

0000 vertices: 

(T(pi)cT(p2)cr(p3)o-(P4) = 7ro(pi)7ro(p2)7ro(p3)7ro(p4) 
= -i2A[cos(pi AP2) cos(p3 Ap4) + cos(pi AP3) cos(p2 Ap4) 
+ cos(pi A Pi) cos(p2 A P3)] 

(T(pi)cT(p2)7ro(A;i)7ro(A;2) 

= — i2A{2 cos(pi A P2) cos(/ci A k2) — cos(pi A /ci + p2 A k2)} 

7r+(pi)7r+(p2)7r-(A;i)7r_(/c2) = -i4Acos(pi A /ci +p2 A A;2) 

o-(Pi)o-(P2)7r+(/c+)7r_(/c_) = 7ro(pi)7ro(p2)7r+(/c+)7r_(/c_) 
= — i2A cos(]9i A ]92) exp(i/c+ A kJ) 

(T(p)7ro(/co)7r+(/c+)7r_(A;_) = — i2Asin(p A ko) exp(iA;+ A 
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bcc vertices: 



(^cz{p)cz{p) 
ac±{p)c^{p) 

7r±c^{p)cz{p) 
7t±ca{p)c^{p) 



cos(pAp) 
—i^g^v/A exp(=FzpAp) 

sin(pAp) 
±^g^v/A exp(=FipAp) 
—i^g'^v\/2/ A exp(=FzpAp) 



Gcc vertices: 



V2gPfj. sm{p A p) 

Pf,exp{±ip Ap) 
V2gp^ sm{p A p) 
±ig/\/2 p^ exp(=F2p A p) 
Pfj,exp{±ip Ap) 
±ig/ a/2 Pf, exp(=Fip A p) 
±ig/ V2 Pf, exp(=Fip A p) 
^ig/V2 p^ exp(±ip A p) 
Counterterms for self-energies and mixings are listed below. Note the momentum p is 

the incoming momentum of the gauge boson in the G(f) mixing. 

'5jI_ _ 25v' 
,2 



A^,CA{p)cA{p) 
A^,c±{p)c^{p) 
Z^cz{p)cz{p) 
Zt,c±{p)c^{p) 
W^c^{p)ca{p) 
W^ca{p)c^{p) 
W^c^ip)cz{p) 
W^cz{p)c^{p) 



a 



cr 



7r_ 



7r+_ _ _ ^ 

^w\/\XNy\/w 

TV: 



ip^6Z, 
ip^5Z, 
ip^dZd) — im 



6fi 



1 



6v 



25Z, + — + 5Z^ 

V 

2SZ„ + — + 6Z, 



C4 



5Z„ + — + 6Z, 



.9A 

Cz 



±imwP^ 

ip^dZc 
ip^5Zc 

ip^5Zc 



5Z,+ 



6v 



+ SZ, 



jr 

SZg + — + 6Z, 

V 

c 

6Zg + — + SZ, 

V 
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The counterterms for vertices are obtained by attaching the following factors to the 
corresponding Feynman rules. 

G(j)(j) : {Z^Zg - 1) = 5Z^ + 5Zg, 

GG(P : [Z^Z^gil + Sv/v) - 1] = SZ^ + 25Zg + 5v/v, 
GG<f)<j) : - 1) = 6Z^ + 26Zg, 

GGG: iZGZg-l)=6ZG + 6Zg, 

GGGG : {ZcZ^g - 1) = 6Zg + 26Zg, 

: [Zx{l + 6v/v) - 1] = 6Zx + 6v/v, 

<P<j)<P<j): {Zx-l) = 6Zx, 

(pec: {ZcZg - 1) = 6Zc + 5Zg, 

Gcc : {ZcZg — 1) = 6Zc + SZg. 

Appendix B One loop diagrams for IPI functions 

We show below topologically different diagrams in which the wavy, dashed and dotted 
lines represent the gauge, scalar and ghost fields respectively. For a concrete vertex all 
possible assignments of fields must be included. Diagrams with an " f " are finite by 
power counting. 

(p self-energy: 




G self-energy: 

X ~ ^ 

_ ^ 
/ ~ ^ 

/ ^ 

1 ) 

^ / 

WVWXAAAAy 



G(j) mixing: 
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c self-energy: 
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GGG vertex: 




(j)cc vertex: 



I 




Gcc vertex: 
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